Introduction
Let M be a 3-dimensional Riemannian or semi-Riemannian space form of constant sectional curvature, say κ, and M ⊂ M a non-degenerate surface. Then the Gauß equation is given by
where K is the Gaußian curvature of M , I and II denote the first and the second fundamental forms of M respectively, and = N, N is the sign of the unit normal vector field [14] . If M is flat, then det II = −κ det I. If in addition −κ > 0 then the signature of the second fundamental form II coincides with that of the first fundamental form. The second fundamental form determines a conformal structure on M . Such a conformal structure is called the second conformal structure. One can easily see that if M is Riemannian, M = H 3 (−c 2 ), hyperbolic 3-space of sectional curvature −c 2 , is the only 3-dimensional space form in which flat surfaces can have the positive definite second conformal structure. If M is semi-Riemannian, only flat spacelike surfaces in S (1) cases are studied by Gálvez, Martínez, and Milán in [8, 9] , respectively.
In this paper, we study the only remaining case, flat timelike surfaces in H 3 1 (−1). It turns out that flat timelike surfaces in H 3 1 (−1) can be obtained by a representation formula in terms of a Lorentz holomorphic and a Lorentz anti-holomorphic data analogously to the cases of timelike surfaces of constant mean curvature 1 in H 3 1 (−1) [11] and timelike minimal surfaces in Minkowski 3-space E 3 1 [12] , although the holomorphicity is due to the second conformal structure. This is discussed in Sec. 3. An analogue of hyperbolic Gauß map [7, 3] may be considered for timelike surfaces in H 3 1 (−1) as seen in [11] . It is shown (Sec. 4) that the hyperbolic Gauß map of a timelike surface in H 3 1 (−1) is conformal with respect to the second conformal structure if and only if the timelike surface is flat or totally umbilic. The relationship between the holomorphicity of (projected) hyperbolic Gauß map and the flatness of a Lorentz surface is also discussed in Sec. 4. Flat timelike surfaces are associated with a hyperbolic Monge-Amère equation (Sec. 2). It is well known [13] that Monge-Ampére equation may be regarded as a 2-dimensional reduction of the Euclidean Einstein's field equation. Using this connection, we construct (Sec. 5) a class of anti-self-dual gravitational instantons from flat timelike surfaces in H 3 1 (−1). [14] :
Lorentz Surfaces in Anti-de Sitter 3-Space
Let D be a 2-dimensional orientable domain and ϕ : D → H 3 1 (−1) an immersion. The immersion ϕ is said to be timelike if the induced metric I = dϕ, dϕ on D is Lorentzian. The induced Lorentzian metric I determines a Lorentz conformal structure C I on D. More specifically, if (x , y ) is a Lorentz isothermal coordinate system with respect to the conformal structure C I , then the first fundamental form is given by I = e ρ {−(dx ) 2 + (dy ) 2 } where ρ is a real-valued smooth function defined on D. Hence a timelike immersion ϕ being conformal is equivalent to the conditions:
These conditions are said to be conformality conditions and a conformal timelike surface is said to be a Lorentz surface hereafter. Let u := x + y and v := −x + y . Then (u , v ) defines a null coordinate system with respect to the conformal structure C I . The first fundamental form I is written in terms of (u , v ) as 
Let N be a unit normal vector field along ϕ. Then
The mean curvature H is computed to be H = 2e A point p ∈ D is said to be an umbilic point if II is proportional to I at p or equivalently p is a common zero of Q and R, i.e. Q(p) = 0.
If K is the Gaußian curvature, then the Gauß equation which describes a relationship between K, H, Q, R takes the form:
The semi-Euclidean 4-space E 4 2 is identified with the linear space M(2, R) of all 2 × 2 real matrices via the correspondence
The inner product of E 4 2 corresponds to the inner product of M(2, R)
In particular, u, u = −det u so the correspondence is an isometry. The standard basis {e 0 , e 1 , e 2 , e 3 } for E 4 2 is then identified with the matrices
The basis {1, i, j , k } satisfies the properties:
The set H of all split-quaternions is an algebra over real numbers and by (4) H is identified with E 
2 . This action is transitive on H
The action (6) induces a double covering SL(2, R) × SL(2, R) → SO + (2, 2), where SO + (2, 2) denotes the identity component of the pseudo-orthogonal group O(2, 2).
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Flat Lorentz surfaces in
The frame field {e α : α = 0, 1, 2, 3} can be then parametrized as follows: for each
Let D be a 2-dimensional simply connected orientable domain and ϕ : D → H 3 1 (−1) a Lorentz surface with unit normal vector field N . Then we can define an orthonormal frame field F :
By means of a double covering induced by the group action (6), one can find a lift
Each component framing F 1 and F 2 satisfy the following system of first-order linear equations, so-called Lax system:
where i = 1, 2 and
The compatibility condition F u v = F v u gives the Maurer-Cartan equations
Each of these equations is equivalent to the Gauß-Mainardi-Codazzi equations
Fundamental Equations
In this section we derive some fundamental equations that we need in order to study flat Lorentz surfaces in the following sections. 
Proof. From Eqs. (3) and (11), we obtain
Since K = 0, (14) is simply the homogeneous wave equation
Let u := e X du and v := e Y dv . Define x and y by
be a simply connected flat Lorentz surface with globally defined isothermal coordinate system a (x, y) and the first fundamental form (13) . Then the Gauß-Weingarten equations are given by
Here N is a unit normal vector field along ϕ. The coefficient functions , m and n are defined by
The Gauß-Mainardi-Codazzi equations, which are the integrability conditions for Gauß-Weingarten equations, are equivalent to
Equations (21) guarantee the existence of a potential φ such that
a In Lorentzian case, the Riemann Mapping Theorem or Köbe Uniformization Theorem does not hold. So the global existence of isothermal coordinates is not guaranteed even in a simply connected Lorentzian 2-manifold. See, for example, [16] for details.
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The Gauß equation (11) then becomes the hyperbolic Monge-Ampère equation
The second fundamental form is given by
Note that the second fundamental form (23) determines a conformal structure, the so-called second conformal structure, on D. To see this let
Then by a straightforward calculation one obtains
and
where u := x + y and v := −x + y . Hence we see that (u, v) defines a null coordinate system with respect to the conformal structure C II on D determined by the second fundamental form II. The differential operators ∂ ∂x and ∂ ∂y are computed, in terms of the coordinates (x, y), to be:
It follows from On the other hand, we have
where H is the mean curvature of ϕ. So, it is required for flat Lorentz surfaces to satisfy the condition H > −1. H   3 1 (−1) In this section, it is shown that a flat Lorentz surface may be represented by a Lorentz holomorphic and a Lorentz anti-holomorphic data. We discuss this by means of the Lax system (9) .
A Representation Formula for Flat Lorentz Surfaces in
Suppose that D is a simply connected, oriented, 2-dimensional domain with globally defined null coordinate system (u , v ). Let ϕ : D → H 3 1 (−1) be a flat Lorentz surface with induced metric I = e ρ du dv . Then by Proposition 1 we may assume that ρ = 0; hence the Gauß-Marnardi-Codazzi equations (11), (12) can be written as
From the Lax system (9), the 1-forms F −1
2 dF 2 are given by
The Mainardi-Codazzi equations (30) imply that the nonzero entries of F The induced metric I is computed to be
The functions f and g are given by
The ∂ and ∂ forms c du and dv which are given by
Finally the second fundamental form II is computed to be
Therefore, we have the following theorem holds. 
by (33). Then f is a Lorentz holomorphic function and g is a Lorentz anti-holomorphic function with respect to the null coordinate system (u, v),
and that f g < 1. The flat Lorentz surface ϕ : D → H 3 1 (−1) may be described by
where F 1 , F 2 : D → SL(2, R) are immersions that satisfy the system of decoupled ODEs:
c They are analogues of (1, 0) and (0, 1) forms in complex analysis.
The first and the second fundamental forms are, respectively, given in terms of f and g by
The converse of Theorem 5 also holds, namely: 
where f is Lorentz holomorphic, g is Lorentz anti-holomorphic with respect to (u, v) , and that f g < 1, then
is a flat Lorentz surface whose first and second fundamental forms are given by (34) and (35) respectively. Furthermore H > −1 and
where ρ is a constant and Qdu 2 + Rdv 2 is the Hopf differential of ϕ.
Proof. Suppose that F 1 , F 2 : D → SL(2, R) satisfy the Lax system (9). Then
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where dξ = f du and dζ = gdv. Clearly ρ = c, a constant. Since ξ is Lorentz holomorphic with respect to (u, v),
From (36) we also find
Combining (38) and (39) we obtain the equation The following identities can be calculated from (36) and (37):
,
Using these identities, the first and the second fundamental forms can be written in terms of f and g as: The notion of hyperbolic Gauß map was first introduced by Epstein [7] and was also used by Bryant in the study of constant mean curvature one surfaces in hyperbolic 3-space [3] . e Without loss of generality, we may assume that x 0 = 0. 
Flat Lorentz Surfaces in H
Let N = (0, 0, 1) and S = (0, 0, −1) ∈ S 
where (u, v) is a null coordinate system in E
denotes the stereographic projection from the north pole N , then
Hence, the projected hyperbolic Gauß map is mapped into E
F24 , where F = (F 1 , F 2 ) is a coordinate frame. Then by (8) 
That is, the hyperbolic Gauß map [ϕ − N ] is written as
By the identification (4), the projected hyperbolic Gauß map is given by
By (18), (19) and (27), one obtains
It then follows that
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Let dρ 2 denote the induced metric on N 3 . Then the pullback of dρ
by (46). This means that the hyperbolic Gauß map [ϕ−N ] is conformal with respect to the second conformal structure on D. In fact, more can be said about conformal hyperbolic Gauß maps. 
Using the Gauß-Weingarten equations, one can calculate
Therefore [ϕ − N ] is conformal with respect to the second fundamental form II if and only if ϕ is flat or totally umbilic.
2 is degenerate and d(ϕ − N ) = 0, i.e. the hyperbolic Gauß map [ϕ − N ] is constant. This is the case when ϕ is an analogue of horosphere.
In light of theorem 7, one may wonder if there is any connection between the flatness of a Lorentz surfaces and the holomorphicity of the hyperbolic Gauß map. 
If ϕ is flat and (u, v) is a null coordinate system determined by the second fundamental form, then without loss of generality we may take
It then follows that ( 
From this reduction, Eq. (49) yields the 2-dimensional Monge-Ampére equation
where κ is a constant. The constant κ is determined by choosing an appropriate value of C, so that the Monge-Ampére equation (54) 
The transformation in (57) is a slight variation of what is discussed in Jörgens's 1954 paper [10] . Using this transformation we can write a metric for a class of g With a scaling.
